Abstract. We generalize to smooth orbifolds the correspondence between the polystable vector bundles and unitary representations for a smooth projective variety.
Introduction
Let Y /C be a connected smooth projective curve and E −→ Y a polystable vector bundle of degree zero. A celebrated theorem of Narasimhan and Seshadri, [5] , says that E is necessarily given by a unitary representation of the fundamental group of Y . Let X/C be a smooth projective variety of dimension n. Fix an ample line bundle L on X in order to define the degree of a torsionfree coherent sheaf on X. The following generalization of the Narasimhan-Seshadri theorem holds.
Theorem ([4], [1])
. Let E be a vector bundle on X such that c 1 (E) = 0 and c 2 (E) · c 1 (L) n−2 = 0. Then E is polystable if and only if it is given by a unitary representation of the (topological) fundamental group of X.
Our aim here is to generalize the above theorem to projective orbifolds. By an orbifold over a field k we always mean a smooth separated Deligne Mumford stack which is of finite type over k.
1.2.
Theorem. Let X/C be an irreducible projective orbifold of dimension n, and let L be an ample line bundle on X. Let E −→ X be a vector bundle (with respect to L) on X such that c 1 (E) = 0 and c 2 (E) · c 1 (L) n−2 = 0. Then E is polystable if and only if it is obtained by a unitary representation of π top 1 (X, x) for a (equivalently, any) closed point x ∈ X.
Here π top 1 (X, x) denotes the topological fundamental group of underlying complex analytical stack. The above theorem follows quite easily from Theorem 1.1 in the special case when X is a global quotient of a smooth variety by a finite group. The main work needed to prove Theorem 1.2 is to deduce the general case from this special case. As a consequence of Theorem 1.2, we obtain the validity of Theorem 1.1 certain types of singular varieties.
1.3. Corollary. Let X/C be a projective variety with at worst quotient singularities. Assume X is the coarse moduli space of a projective orbifold X/C (e.g. X has isolated singular points). Then Theorem 1.1 holds for X.
Proof. Let L be an ample line bundle on X and E be a polystable vector bundle satisfying c 1 (E) = 0 and c 2 (E) · c 1 (L) n−2 = 0 where n is the dimension of X. Let π : X → X be the given morphism. By 1.2, π * (E) is given by a unitary representation of π top 1 ( X, x) (for some geometric point x of X). However, since the vector bundle arising from this representation is a pull back from X, it is clear that for every point y of X, the isotropy group G y at y lies in the kernel of this representation. Thus by using ( [6] ,8.1) this descends to give a unitary representation of π top 1 (X, x), which defines the vector bundle E.
Rigidification
Let X be a Deligne Mumford stack over C, and let x be a geometric point of X. Throughout we use the notation π top 1 (X, x) to denote the topological fundamental group of the underlying complex analytic stack, and use π 1 (X, x) to denote the algebraic fundamental group.
Recall that the notion of rigidification of a Deligne Mumford stack is a process to get rid of given stabilizers in a "minimal" manner.
2.1. Definition. Let f : Y −→ X be a 1-morphism of locally noetherian Deligne Mumford stacks. f is called a rigidification if
(1) f is separated and of finite type, and (2) for any atlas U −→ X, where U is a scheme, the projection Y × X U −→ U is a coarse moduli space.
2.2.
Remark. Since the morphism to the coarse moduli space of a separated Deligne Mumford Stack is always proper, it follows that a rigidification morphism is always a proper morphism.
Let f : Y −→ X be a morphism of connected noetherian schemes. Let y be a geometric point of Y , and let x = f (y). For any geometric point y ′ of Y , let G y ′ denote the isotropy group at y ′ . The kernel of the homomorphism
will be denoted by K y ′ . There is a group homomorphism
well defined up to conjugation by elements of π 1 (Y, y). Let N(f ) denote the closed normal subgroup of π 1 (Y, y) generated by images of the homomorphisms
where y ′ runs over all geometric points of Y .
When Y is a stack of finite type over C, there are also homomorphisms Assume that there exists a dense open substack U ⊂ X such that the codimension of X\U is at least two, and the induced morphism
is a rigidification. Then the following two statements hold: (i) The sequence of groups
is exact. (ii) If X and Y are schemes of finite type over C and y ∈ Y (C), then the following similar sequence of the topological fundamental groups
Proof. We will prove (i); the proof of (ii) is similar. Let us first consider the case when f is a rigidification. Let Et(Y ) denote the category of finiteétale coverings of Y . Let C denote the full subcategory of objects Z h −→ Y in Et(Y ) such that for any geometric point z of Z,
We claim that the category Et(Y ) is equivalent to the category Et(X) of finité etale coverings of X. If X ′ −→ X is a finiteétale covering, then it is easy to see that
Conversely, let Z −→ Y be a finiteétale covering in C. Then we need to show that there is a natural finiteétale cover
This can be provedétale locally on X and hence we may assume that X is in fact the coarse moduli space of Y in which case this is simply the result of [6] . Now consider the general case where f : Y −→ X is a rigidification in codimension one. Let U ⊂ X be the open subset of X whose complement has codimension at least two and such that f −1 (U) −→ U is a rigidification. In this case, the proof follows from the above special case and the following well known equivalence of categories.
This completes the proof of the theorem.
2.4.
Theorem. Let k be any field of characteristic zero. Let X/k be any quasiprojective orbifold. Then there exists a 1-morphism φ : Y −→ X such that (1) Y is an orbifold which is a finite global quotient, and (2) There exists a dense open subset V ⊂ X such that φ −1 (V ) −→ V is a rigidification morphism and the complement of V has codimension at least two.
Proof. Let D ⊂ X be a (reduced) divisor such that q is an isomorphism over X\D. Since X is normal, there exists an open subset V ⊂ X such that (1) D ∩ V is smooth.
(2) X\V has codimension at least two. Let m be a positive integer such that for every point p of X, the order of the isotropy group at p divides m. Let L be a sufficiently ample line bundle on X and let 
There is a natural G = Z/m action on T given by the action of G m on L; by the choice of the integer m we have a rational map T X defined over all codimension one points of X. Now we 'resolve' the singularities of the rational map T X G-equivariantly, to get a proper birational G-map T ′ −→ T such that T ′ is smooth and the induced map T ′ −→ X is actually a morphism. Moreover, by construction, this map is G-invariant. Thus we have an induced morphism from
It is now straight-forward to check that the map φ satisfies the required conditions of the theorem.
Polystable vector bundles on orbifolds
In this section we prove Theorem 1.2. Throughout this section we work over the field k = C.
3.1. Definition. Let Z be a projective Deligne Mumford Stack over k. A line bundle L on Z is called ample, if some power of L descends as an ample line bundle on the coarse moduli space of Z.
3.2.
Lemma. Let X/k be a projective orbifold, and let L be an ample line bundle on X. Let f : Y −→ X be a finite morphism, where Y /k is a normal projective variety. Let E be a vector bundle on X. Then (i) E is semistable with respect to L if and only if f * E is semistable w.r.t. f * (L). (ii) E is polystable with respect to L if and only if f * E is polystable with respect to f * (L).
Proof. The proof is similar to the case when X is a variety instead of an orbifold, and we refer the reader to [2, 3.2] for details of the argument.
Let X and L be as above. Let n be the dimension of X.
3.3. Proposition. Let f : Y −→ X be any morphism of projective orbifolds over k. Let E be a polystable vector bundle on X such that c 1 (E) = 0, and
Proof. By [3] we can find a diagram
where Y ′ and X ′ are smooth projective varieties and the horizontal morphisms are finite and dominant. By Lemma 3.2, the pullback g * E is polystable, and also, c 1 (g * E) = 0, and
n−2 = 0; note that g * L is ample because g is finite. Thus, g * E is given by a unitary representation of the fundamental group of X ′ [1] , [4] . Therefore, f ′ * g * E is also given by a unitary representation of the fundamental group of Y ′ , and hence it is polystable. Thus by Lemma 3.2, f * E is polystable.
3.4.
Remark. We first observe that proving the Theorem 1.2 is equivalent to showing that if E −→ X is polystable, and π X : U X −→ X is the universal covering space of X, then (1) π * X (E) is trivial, and (2) π * X (E) admits a π top 1 (X, x) invariant flat unitary metric. 3.5. Lemma. Theorem 1.2 holds if X is a finite global quotient.
Proof. If E −→ X is given by a unitary representation of π top 1 (X, x), then using Theorem 1.1, Lemma 1.1 and Proposition 3.3 it follows that E is polystable, and 
